Thermodynamical stability of fluid spheres is studied in the presence of a cosmological constant,
Introduction
Thermodynamics and stability analysis of self-gravitating gas in Newtonian Gravity is an old subject that dates back at least to the works of Antonov [1] and Lynden-Bell & Wood [2] . A classic review on the subject is written by Padmanabhan [3] , while others include Refs. [4] [5] [6] [7] , as well. In General Relativity, thermodynamical stability of fluid spheres is studied by the author in Ref. [8] , in which, this talk is, partially, based. The thermodynamics of self-gravitating gas is different from the ordinary thermodynamics, where the interactions are assumed to take place only between neighbouring bodies. Striking differences are the facts that entropy and energy are not extensive quantities, stable configurations with negative specific heat do exist and the thermodynamic ensembles are not equivalent. This non-equivalence of ensembles is not regarding the equilibria, but only the stability of these equilibria. That is, in gravitational thermodynamics the various thermodynamic ensembles have different stability properties.
We are interested in the effect of a cosmological constant to the stability of self-gravitating gas both in the Newtonian limit as well as in General Relativity. We shall not be restricted in the assumed current value of the cosmological constant, but we shall consider any arbitrary value. One can think physically about that, as regarding different possible Universes or as regarding the current Universe in possible different epochs in the past for cosmological models with a time varying cosmological term (e.g. decaying vacuum approaches [9] [10] [11] ). Many results presented in this talk appear in Refs. [12] [13] [14] , where is studied the thermodynamical stability in Newtonian Gravity with a cosmological constant in the microcanonical [12] and canonical [13, 14] ensembles.
Let us review briefly the results in Newtonian Gravity in the case with no cosmological constant, which for convenience we shall simply call 'flat case'. In the original formulation [1, 2] , the selfgravitating gas, consisting of dust particles or stars, is assumed to be bound by a spherical, non-insulating and perfectly reflecting wall, so that it is in the microcanonical ensemble. For this system, global entropy maxima do not exist as Antonov have proved. There exist only local entropy maxima that correspond to metastable equilibria. These exist only for ER > −0.335GM 2 where R is the radius of the sphere and E, M the energy and mass of the gas, respectively. Thus, there is a minimum energy down to which equilibria do exist and strangely a maximum radius up to which equilibria do exist for a system with negative energy (like the vast majority of gravitating systems in nature). That is, for bigger radii than this maximum radius the system has no equilibria and collapses! This is usually called 'gravothermal catastrophe'.
In addition there is another 'weaker' instability, associated with equilibria, that are unstable.
Whether the system lies on an unstable or stable equilibrium (in the case ER > −0.335GM 2 )
depends on the density contrast log(ρ 0 /ρ R ), where ρ 0 , ρ R are the densities at the center and the edge, respectively, or equivalently on the temperature. In the canonical ensemble, the system is assumed to lie in a heat bath and the walls are considered to be insulating. For this, it is known [2, 7] that equilibria do exist only for T R > 0.40GM where T is the temperature of the system. Thus, there is a minimum temperature and a minimum radius down to which equilibria do exist. Note, that this behaviour is more similar to the general relativistic case, where a self-gravitating system collapses for small and not big radii. There is also a weak instability associated with unstable equilibria. Just like before, whether the system lies on an unstable or stable equilibrium (in the case T R > 0.40GM) depends on the density contrast log(ρ 0 /ρ R ) or equivalently on the energy in this case.
We find [12] that in the microcanonical ensemble the presence of a positive cosmological constant tends to stabilize the system while a negative cosmological constant tends to destabilize it. We call a positive cosmological constant 'dS case', while a negative one 'AdS case'. An increase in the cosmological constant Λ causes an increase to the critical radius (up to which equilibria do exist) call it R A , a decrease in the critical energy (down to which equilibria do exist) and a decrease in the critical density contrast that triggers the weak instability. In dS case, a reentrant behaviour is observed, since there appears a second critical radius we call R IA , bigger than R A , associated with Λ. At this radius the equilibria are restored. In the canonical ensemble [13, 14] , for an increasing Λ the critical radius (down to which equilibria do exist) is decreasing, the critical temperature (down to which equilibria do exist) is decreasing and the critical density contrast is decreasing as well. In dS case, a reentrant phase transition occurs, since there appears a second lower critical temperature where equilibria are restored.
In General Relativity, the walls are not needed in order for the system to come into an equilibrium. A maximum entropy principle has been studied in Refs. [15] [16] [17] . In the case of relativistic radiation it has been proven by Sorkin, Wald and Zhang (SWZ) [16] To study the effect of the cosmological constant on the microcanonical thermodynamical staPrepared for "Proceedings of the Barcelona Postgrad Encounters on Fundamental Physics" bility of fluid spheres in General Relativity we consider the fluid to be bounded by spherical non-insulating walls. For simplicity we consider only the case of radiation. We find that the critical radius down to which equilibria do exist is decreasing with increasing Λ. This radius is bigger than the black hole radius of the system for any value of Λ. At some Λ value the critical radius hits the cosmological horizon. Any sphere with bigger Λ is stable since matter outside the cosmological horizon cannot interact with matter inside. Finally, dS tends to stabilize the system while AdS to destabilize it, since the critical ratio M/R is increasing with increasing Λ.
Newtonian Gravity
In the presence of the cosmological constant the Poisson equation becomes [13] :
where ρ Λ is the mass density associated with the cosmological constant Λ given by ρ Λ = Λc 2 /8πG. The cosmological constant acts as a radial harmonic force:
is repulsive in dS case (ρ Λ > 0) and attractive in AdS case (ρ Λ < 0).
We consider a self-gravitating gas of N particles with unity mass inside a spherical shell. We restrict only to spherical symmetric configurations and work in the mean field approximation, where it is used the Boltzmann entropy
that is defined in terms of the one body distribution function f (r, υ). In the canonical ensemble is used the Helmholtz free energy F = E − T S or equivalently we work with the Massieu
The maximization of S with constant E and the maximization of J with constant T (and constant M in both cases), with respect to perturbations δρ, are the same [13] to first order in δρ , i.e. give the same equilibria, described by the
where φ satisfies equation (1) . Although the two ensembles have the same equilibria, the second variations of S and J are different. A positive δ 2 S or δ 2 J for an equilibrium would signify that this equilibrium is unstable in the microcanonical or the canonical ensemble, respectively, since only local maxima of S or J correspond to stable equilibria. Introducing the dimensionless variables y = β(φ − φ(0)), x = r √ 4πGρ 0 β and λ = 2ρ Λ /ρ 0 , and using equation (3), equation (1) becomes:
called the Emden-Λ equation. Let us call z = R √ 4πGρ 0 β the value of x at R. In order to generate the series of equilibria needed to study the stability of the system, the Emden-Λ equation has to be solved with initial conditions y(0) = y ′ (0) = 0, keeping M constant and for various values of the parameters ρ Λ , β, ρ 0 . This is a rather complicated problem, since, unlike Λ = 0 case, while solving for various z, mass is not automatically preserved, because of the
πR 3 that Λ introduces. A suitable λ value has to be chosen at each z.
We define the dimensionless mass
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is the dimensionless inverse temperature. It can be calculated by integrating the Emden-Λ equation, to get:
We developed an algorithm to solve equation (4) for various values of λ, z keeping m fixed.
From equation (5) it is clear that solving for various fixed m can be interpreted as solving for various ρ Λ and/or R for a fixed M.
The dimensionless energy is defined as Q = ER GM 2 . It can be calculated by use of the virial theorem 2K + U N − 2U Λ = 3P V , where K, U N , U Λ , P and V are the kinetic energy, the Newtonian potential energy, the cosmological potential energy, the pressure and the volume, respectively. The dimensionless energy Q is found [12, 13] to be: On the left, the critical radius versus ρ Λ for fixed β, M in the canonical ensemble. There exist no equilibria in the unshaded region. With R H is denoted the radius of the homogeneous solution. On the right, the critical temperature versus ρ Λ for fixed M , R in the canonical ensemble, whereρ is the mean density of matter. In the unshaded region there exist no equilibria. This behaviour indicates a reentrant phase transition. Both figures appeared originally in Ref. [13] .
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According to Poincaré's theorem [18, 19] , the maximum of Q(z) in a series of equilibria z, is the turning point of stability in the microcanonical ensemble, while the maximum of B(z) is the turning point of stability in the canonical ensemble. At this equilibrium points a stable branch of equilibria becomes unstable. Whether the system lies on a stable or unstable equilibrium depends then on the density contrast log(ρ 0 /ρ R ). The very same points mark the marginal conditions for which equilibrium states to exist, since for any Q or B, respectively, above these points there are no equilibria at all.
In dS case there are found multiple series of equilibria. For some of them the density is increasing towards the edge and others have periodic condensations, like a core-halo structure with one or even more haloes. In addition there appears a homogeneous solution at the radius
, that is the equivalent to Einstein's static Universe in the Newtonian limit.
This solution is stable for temperatures higher than the critical value T h = GM/6.73R H . In Figure 1 (a), in the region I are solutions with R < R H and monotonically decreasing density towards the edge of the sphere, in region II there are solutions with R > R H and monotonically increasing density as well as solutions with periodic condensations. In the small gray area there are solutions with R < R H and periodic condensations. In the same figure, it is evident a reentrant behaviour in the critical radius. At the radius R IA , equilibria are restored. A mysterious similarity with the relativistic Schwarzschild-dS space, that is an empty space, is obvious in Figure 1 (b). It seems that the reentrant behaviour we observe is the Newtonian analogue of the two horizons in Schwarzschild-dS space. In this analogy, the Newtonian radius In the canonical ensemble the system becomes unstable for radii smaller than a critical radius.
In contrast to the microcanonical ensemble, this is a much more intuitively expected behaviour, similar to the one in General Relativity. The reason of the complete inversion of the region of instability in the two ensembles, lies on the the fact that in the microcanonical ensemble, the pressure gradient will increase during a compression of the system because of the increase in temperature, while in the canonical ensemble, the heat bath will absorb the energy and the pressure gradient will decrease, becoming unable to balance Gravity. In Figure 2 (a) is shown the critical radius in the canonical ensemble with respect to the cosmological constant. An increase in the cosmological constant causes a decrease to the critical radius, enlarging the region of stability. In AdS case, we see that beyond some Λ value, it is impossible to retain any equilibrium. In Figure 2 (b) we observe a reentrant phase transition in the critical temperature.
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As the cosmological constant is increasing the critical temperature, down to which equilibria exist, is decreasing. However, in dS, above the value ρ marg. Λ =ρ/4 a further decrease in the temperature restores the equilibria beyond some second critical temperature. That happens because of the repelling character of positive Λ, which for low temperature can balance gravity.
The value ρ marg. Λ is this value of the cosmological constant that can balance gravity point by point at zero temperature, i.e. the point A in Figure 2 (b) is a static mechanical equilibrium.
The value ρ marg. Λ is analytically calculated in [12] .
Finally, we stress out that an increase of the cosmological constant tends to stabilize the system in both ensembles. This is evident in Figures 1(a) , 2(a), 2(b) where one can see that the region of stability is increasing as ρ Λ increases. On the left, the series of equilibria expressed as the ratio M/R with respect to the density contrast log(ρ 0 /ρ R ) for radiation (q = 1/3), for asymptotically flat, de Sitter and anti-de Sitter cases. The points C i are turning points of stability, i.e. at their left side the equilibria are stable, while at their right side, unstable. At each case above C i there are no equilibria at all. On the right, the critical radius R cr with respect to the cosmological constant ρ Λ in Schwarzschild units R S = 2GM/c 2 , ρ S = 3M/4πR 3 S for a fixed mass M . The spheres of radius R < R cr are strongly thermodynamically unstable, i.e. there exist no equilibria at all. At point A, the critical radius hits the cosmological horizon. Figure 3 (b) appeared originally in Ref. [8] .
In General Relativity, a spherically symmetric, static perfect fluid obeys the Tolman-Oppen- 
with m ′ = 4πr 2 ρ(r), where p is the pressure of the fluid and m(r) the total mass-energy (including the one of the gravitational field) included inside r. This equation expresses the hydrostatic equilibrium in General Relativity and is derived by the Einstein's equations. In
Ref. [8] , we showed following [16, 17] that it can also be derived by the extremization of entropy in the microcanonical ensemble or the extremization of free energy in the canonical ensemble. Most importantly, we showed that the second variation of entropy gives the same condition for stability with radial variations to first order in Einstein's equations for a general equation of state. Thus, is evident the equivalence between microcanonical thermodynamical stability and linear dynamical stability. We observed in the previous chapter that the Newtonian canonical ensemble, behaves similar to a relativistic system. We will see in the followings, even more evidence, that the microcanonical ensemble in General Relativity becomes the canonical ensemble in the Newtonian limit, hinting at the presence of an implicit heat bath in General Relativity.
For a linear equation of state p = qρc 2 and introducing the dimensionless variables
the TOV equation (9) becomes
The Emden-Λ equation (4) 
Weinberg (see p. 305 in Ref. [20] 
where K is the constant that enters in the polytropic equation p = Kn q+1 with n the baryon number density. The Newtonian limit q → 0 of B is the quantity
that is exactly the dimensionless temperature we used in the Newtonian limit, that controls canonical stability. Since as we have seen B controls microcanonical stability in relativity, we deduce that the Newtonian limit of the microcanonical ensemble is the canonical ensemble! This conclusion is supported by even stronger evidence; (a) in [8] is proven that the condition for stability in the microcanonical ensemble in General Relativity, becomes the condition for stability in the Newtonian canonical ensemble for non-relativistic dust matter (b) the Newtonian canonical ensemble behaves qualitatively similar to relativistic systems.
Regarding the effect of the cosmological constant on the stability of the system, we focus in the case of radiation, i.e. q = 1/3. In Figure 3 (b) we see how the critical radius, down to which equilibria do exist, is changing with respect to the cosmological constant. The system becomes unstable long before it reaches its black hole radius for any value of the cosmological constant.
At some value, it equals the cosmological horizon. Any bigger sphere can be regarded stable, since matter outside the horizon cannot interact with matter inside.
In Figure 3 (a) is plotted the ratio M/R of with respect to the density contrast for various equilibria. The maximum point is a turning point of stability and in the same time the marginal
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